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Abstract:  Small Area Estimation techniques address the growing demand for reliable disag-
gregated statistics by fitting models to unit-level or area-level data. While recent advances in
unit-level mixed models are significant, the presence of outliers has driven the development of
robust methods. M-quantile regression offers a promising alternative to mixed models for Small
Area Estimation, though some theoretical aspects remain underexplored. We cover the optimal
selection of the robustness parameters for bias correction, improving outlier detection. In addi-
tion, we propose bootstrap methods to approximate the distribution of area-specific M-quantile
coefficients and optimal robustness parameters, enhancing inference and diagnostics.

1 Introduction

Small Area Estimation methods offer model-based solutions to the challenge of producing re-
liable disaggregated statistics when direct survey estimates are unreliable due to small sample
sizes (Morales et al., 2021; Rao and Molina, 2015). While classical Small Area Estimation relies
on mixed models and strong distributional assumptions, M-quantile regression (Breckling and
Chambers, 1988; Chambers and Tzavidis, 2006) offers a robust alternative by modeling condi-
tional quantiles without including random effects, enhancing robustness to outliers and model
misspecification.

In M-quantile based Small Area Estimation, area-specific M-quantile coefficients play a sim-
ilar role to random effects in mixed models, capturing inter-area variability. This methodology
has been successfully applied to predict indicators such as poverty rates and economic variables
(e.g., Marchetti et al. (2018); Salvati et al. (2012)). Despite their advantages, robust methods
can lead to biased predictions, particularly when the robustness mechanism is not optimally
calibrated (Chambers et al., 2014).

A recent research by Bugallo et al. (2025b) proposes a data-driven bias correction through
optimal robustness parameters for M-quantile linear prediction in small areas. Building on this,
we approximate the distributions of area-specific M-quantile coefficients and optimal robust-
ness parameters to formally identify potential atypical domains—those whose behavior devi-
ates from the overall patterns (Bugallo and Morales, 2025). Our approach leverages parametric
bootstrap techniques for M-quantile models (Bugallo et al., 2025a) and complements existing
tests such as that by Bianchi et al. (2018), while being specifically tailored to detect extreme
deviations in robust Small Area Estimation contexts.

This research contributes to the limited literature on formal diagnosis in M-quantile models
by proposing several outlier detection methods, supported by solid theoretical foundations and
simulation-based evidence.
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2 Basic notation for inference in finite populations

Consider a finite population U of size N, partitioned into D non-overlapping domains Uy, each
of size Nj ford = 1,...,D. A sample s of size n is drawn, with s; < U, denoting the ny
sampled units in area d and r; = U,\s; the Nj — ng non-sampled units. Let x;; be a vector of
p > 1 auxiliary variables, known for all units j = 1, ..., Ny, and let Ydj be a continuous target
variable observed only forj =1,...,n,.

For the sake of notation, we define the following vectors and matrices with dimensions N x 1
and N; x p, respectively:

ys=_col (yz) and Xz= col (xg).

1<j<Ny 1<j<Ny

3 The Nested Error Regression model for Small Area Estimation

The nested error regression model is widely used in unit-level Small Area Estimation to account
for hierarchical structures with area-specific random effects.
The nested error regression model assumes that

ya "N (X4B8,Vy), d=1,...,D, (1.1)

where 3 is a p-dimensional vector of regression coefficients and V; = V(72,0?), with T and
0? the variances of the area effects and the unit-level errors, respectively.

If 2 = 0, the model reduces to the synthetic regression model, with no between-area vari-
ability. For further details, see Chapter 7 of Morales et al. (2021).

4 M-quantile models for Small Area Estimation

This section briefly reviews the M-quantile modeling approach to Small Area Estimation by
Chambers and Tzavidis (2006).
For 0 < g < 1, the two-level M-quantile models are

Yaj = %4Bp(@) +epai(q), d=1,...,D,j=1,...,Ng, (1.2)

where By(q) is a p-dimensional vector of regression coefficients depending on g and ey, 4;(7)
are independent model errors.
The conditional M-quantile function of order g (Breckling and Chambers, 1988) is

Qq(Waji g, ¥ | x47) = x4;8y(q),

with Qq(ey,4(q); 04, ¥ | x47) = 0 and homoscedastic variance 0, = varl/z(ewldj(q)). Estimation
uses a robust loss function p, with influence function ¢(u) = p’(u), via iteratively reweighted
least squares (IRLS) (Bianchi and Salvati, 2015).

In this work, we adopt the Huber function:

P(u) = ”H(—c¢,c¢)(“) +cyp sgn(u)II{MZCw}, cy >0, (1.3)

typically with ¢y = 1.345, ensuring 95% efficiency under normality.
Each unit-level M-quantile coefficient q4; is defined as the solution to

qdj = argorgqirgl {quﬁvq,w | x4j) = ydj} ,

interpreted as the quantile level best representing unit j in area d (Chambers and Tzavidis, 2006;
Dawber and Chambers, 2019). For sampled units, it is predicted by

A _ . / A _ X
faj = arg min, {xdjﬁw(q) = yd]} : (14)
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Since hierarchical structures often explain part of the variability, units within the same area
tend to share similar unit-level M-quantile coefficients. Therefore, the area-specific M-quantile
coefficients are defined and predicted as

1 1y
9d=ﬁ2%j/ 0= — > daj,
d ‘ ng ¢
j=1 j=1
where 8, serves as a pseudo-random effect summarizing area-level heterogeneity.

4.1 M-quantile linear prediction and error estimation in small areas

This study focuses on the prediction of area-level means, given by:

1 M 1
Yy = ﬁd];ydj =N (Z Yaj+ ), %Byp(6a) + 3 64""7)'

jesy jera JjETa
The M-quantile (MQ) predictor replaces unobserved values with model-based estimates:

am 1 ;A A
Yy = N (Z Yaj+ xd,ﬂw((’d))-

j€sa j€ta
To reduce bias, a bias correction based on a robust influence function ¢ is applied:
A amg ng ﬁ—é N N ” A (A
Bo(Ya ) =—(1— ) =% D) 0ya),  fyas = 0 ' (vaj — x589 (64)), (1.5)
Nd ng jes O
d

which results in the bias-corrected M-quantile (BMQ) predictor developed by Chambers et al.
(2014):
2bmqg  amg ng 0, [} R
Y, =Y, + (1 - ﬁ) LN Pty q))- (1.6)
d/ "d ;
JE€Sa
We adopt the Huber function for ¢, with tuning constant ¢y, > 0. To balance bias and
variance, Bugallo et al. (2025b) propose selecting the optimal ¢y s by minimizing an estimate of

2b
the mean squared error (MSE) of Yqu:

~ . bmg - .
pq = arg car;lgo mse; ' (Cpq) = arg Cg;go Ag(cga) (1.7)

where Aj(cy,q) is the ¢y 4-dependent part of the estimated MSE (Chambers et al., 2011, 2014),
given in practice by:

2 (5, \2 ?
Aq(cg) = ( - ;7’2) (2’) 2 9% () + (Z[¢(ﬁw,df> —f’w,df])

j€Sq j€sq

The existence and uniqueness of ¢, 4 are established in Bugallo et al. (2025b).

4.2 Bootstrap inference

Several bootstrap methods are proposed to approximate the distributions of ¢, 4 and 0, across
domains, d =1, ..., D, using three approaches (Bugallo and Morales, 2025): a non-parametric
(NP) method, a parametric (AP) approach based on approximated residuals and a Naive (NA)
alternative relying on the distribution of the model errors.

Letb =1,..., B denote the bootstrap replicatesand d = 1,..., D.
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A*(b)

(al) Algorithm NP. Sample n,; standardized residuals 7 dj with replacement from the set

{Apar, - Ay an, b

(a2) Algorithm AP. Generate 1, values A:;%b) = [X— H(éd))’ﬁ*(b)]dj, where C*(b)
GALI(x kﬁzp(@d)r(fé ,0;) and H(f,) is the analogue in M-quantile models of the pro-
*(b) ( *(b)), A*(b)
9d Cydj -

a3) Algorithm NA. Generate n; i.i.d. values #i A*( ) ~ GALI(0,1,6;).
8

jection matrix in linear models. Then set u

The term GALI denotes the generalized asymmetrlc least informative distribution with loca-
tion py = Qp, (Yeks fféd,lmxd) = x:qkﬁw(éd), scale &y and probability g = 0;. This distribution
was introduced by Bianchi et al. (2018) to provide a working likelihood for inference in M-
quantile models, generalizing the asymmetric Laplace distribution commonly associated with
quantile regression.

First, Algorithm NP uses the empirical distribution of the residuals, which may be inaccurate
when 7, is small. Algorithm AP is more stable for small/moderate sample sizes, as it approx-
imates the residual distribution. Finally, Algorithm NA is the most conservative method and
does not depend on 03, 0or Ny, only on 8, and n;. Though Algorithm NA ignores the variability
from estimating Blp(éd) and predicting 6.

For eacharead =1,..., D, we approximate the distribution of ¢, 4 as:

1. Forb=1,...,B(letj=1,...,n5,d=1,...,D):
a) Generate ﬁz(:j) using Algorithms NP, AP or NA.
GALI random variables are simulated in R using custom code.

b) Define the bootstrap ¢y 4-dependent part of the estimated MSE, A*(b) (cp,d)-

b
¢(d) = argmm%dzo Ad( )(C(P,d).

2. Sorté;xf,(dl),.. A;(dB)

A similar procedure is used to approximate the distribution of 8.

¢) Compute ¢

to estimate the distribution of ¢, 4 via bootstrap.

4.3 Hypothesis testing

We consider the hypothesis Hy: area d is not atypical, d = 1,...,D, and propose three ap-
proaches to test it: (1) based on the optimal robustness parameters; (2) based on the area-
specific M-quantile coefficients; and (3) based on the area-specific random effects from nested
error regression models (see Section 3).

Let p-value; be the probability of rejecting Hy for area d. For non-atypical areas, p-value,
estimates the test size. To evaluate the performance of the different approaches in model-based
simulations (see Section 5), we compute the average rejection probability across simulations
(s=1,...,5) as follows:

(1) Optimal robustness parameters. Define

S
(&9 > &+
Z ¢sd> 4); (- IX)BJ)(O.S)), d=1,...,D,

(r)\»A

where @;/(;()[(17“) B)) (0.5) is computed via parametric bootstrap with B replicates.

(2) Area-specific M-quantile coefficients. Define

S
% S (69 - a/2B) - 85O (lw/2-Bl) <), d=1,...,D,
s=1
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where ¢ € (0,1) is a threshold to be selected in a data-driven way:
LS (50 (©
R (s Als
=5 (ed (11— a/2) - BJ) — " (Wz.BJ)), s=1,...,5.

(3) Area-specific random effects. Under nested error regression models, the standardized
random effects 11;/0, are expected to follow a standard normal distribution, A (0,1).
Define

S

1 Z —(s)

g I(Uu (S)'HL(;) E(Za/z,zlflx/z)), d=1,...,D,
s=1

where z, 5 and z;_,  are the standard normal quantiles.

5 Some outstanding empirical results

The performance of the new methods for detecting atypical areas (Section 4.3) is evaluated
through model-based simulations inspired by Chambers et al. (2014). Population and sample
sizes are fixed at N; = 100 and n; = 5, respectively. Area-level random effects and unit-level
errors are generated for the following three scenarios:

[0,0] — No outliers: u; ~ N(0,3), edqj ~ N(0,6), d=1,...,D = 40.

[e,0] — Unit-level outliers: e;; ~ 6 N'(0,6) + (1 — ) N'(20,150), 6 ~ Bernoulli(0.97).

[e, u] — Area- and unit-level outliers: same e,; as above, and ug ~ N(9,+/20) for areas
d=237,...,40.

Each scenario is replicated S = 500 times. The target variable is defined as
(s) _ RO RN C) - ; —
Yaj _100+5xd]+ud +ed]., s=1,...,5,jely d=1,...,D,

where x;; ~ LogNormal(1,0.5) and u‘(;), e‘(i;) are generated according to the scenario.

Table 1 shows the average p-value; estimates for non-atypical and atypical areas for Methods
(1)-(3), based on simulations with nominal level « = 0.05.

Method | [0,0] [e0] [eu]l<d<36 | [eu]37<d<40
(1) 0.118 0.149 0.211 0.745
(2) 0.050 0.050 0.056 0.855
(3) | 0051 0.053 0.012 0.510

Table 1: Average estimates of p-value ;4 for non-atypical and atypical areas (if applicable) in model-based
simulations across different scenarios for @ = 0.05. The best option is highlighted in light pink.

Columns “[0,0]”, “[e,0]” and “[e,u] 1 < d < 36" report results for non-atypical areas, where
values near 0.05 indicate good Type I error control; the best performer is Method (2). Column
“le,u] 37 < d < 40” focuses on truly atypical areas, where a larger p-value; indicate greater
power to detect outliers. Among the methods, Approach (2) balances error control and detec-
tion power best, yielding p-value; close to 0.05 in non-atypical areas and high values for the
atypical ones. Approach (3), which assumes no contamination, performs poorly in detecting
atypical areas.

The performance of Method (2) strongly depends on the choice of ¢ € (0, 1), requiring careful
selection. Figure 1 summarizes its behavior across scenarios.
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Figure 1: Performance of Method (2) for different settings. Left: Type I error versus ¢ € (0,1). Right: Type I
and Type II errors. The dotted line next to the Type I error is & = 0.05.

The left panel in Figure 1 shows the Type I error probability as the parameter ¢ € (0, 1) varies,
while the right panel presents an inverted Receiver Operating Characteristic (ROC) curve —
plotting Type I error on the x-axis and Type II error on the y-axis— illustrating the trade-off
between both errors. Curves closer to the origin in the right panel indicate more powerful and
reliable tests. The area under the ROC curve (AUC) value is 0.942 for Scenario [e, u]. Higher
AUC values reflect better discrimination, with Method (2) performing quite well for Scenario
[e, u].

6 Conclusions

Small Area Estimation is crucial for producing reliable detailed statistics, especially when data
are scarce or heterogeneous. This work highlights the importance of robust methods to handle
outliers effectively. By focusing on M-quantile regression, we improve the bias correction pro-
cess through optimal tuning of the robustness parameter, which enhances the accuracy of the
estimates. Moreover, our proposed bootstrap techniques provide practical tools to approximate
the distributions of area-specific M-quantile coefficients and optimal robustness parameters.

These advances facilitate more reliable inference and improve the detection of atypical ar-
eas, making the M-quantile models a competitive and flexible alternative to traditional mixed
models in Small Area Estimation.

Future studies should investigate the robustness properties of the predictors derived from M-
quantile models and examine how the selection of the optimal robustness parameters influences
their performance. For instance, assessing robustness in the presence of outliers or heavily
skewed distributions remains an open problem. Additionally, the insights derived from the
optimal selection of the robustness parameters offer valuable guidance for enhancing future
M-quantile applicationss.
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